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SIGNIFICANCE  AND  EXPLANATION 


A  common  problem  in  the  analysis  of  stochastic  systems  is  the  estimation 
of  the  system's  state  given  only  noise-corrupted  or  incomplete  observations* 
For  instance,  examples  occur  in  communications  theory  when  one  wants  to 
estimate  a  signal  sent  over  a  noisy  channel.  The  problem  of  filtering  is  to 
build  an  estimate,  i.e.  filter,  that  provides  the  best  information  about  the 
state  given  the  observations. 

Let  x(t)  denote  the  state  of  the  system.  In  the  most  common  model, 
x(t)  is  a  Markov  process  modelling  a  differential  equation  driven  by 
stochastic  inputs,  and  it  is  observed  via 

t 

y(t)  -  /  h(x(s) )ds  +  W(t)  , 

0 

where  W(t)  is  a  Brownian  motion.  Since  W(t)  has  independent  increments  it 
is  a  good  model  for  noise.  The  density  of  x(t)  given  that  y(s), 

0  <  a  <  t,  is  known,  contains  all  information  about  x(t)  that  is  in  y(s), 
0  <  s  <  t.  zakai  and  Fardoux  have  established  partial  differential  equations 
for  such  conditional  densities  in  the  effort  to  compute  them.  This  paper 
extends  their  results  to  a  class  of  Markov  signals  evolving  on  bounded  domains 
with  entrance  boundaries.  This  means  that  the  process  can  enter  its  domain 
from  the  boundary,  but  cannot  return  to  the  boundary  once  inside.  A  typical 
example  is  the  Bessel  process i  this  is  the  process  rfc  “  Ib^I,  where  Bt  is 
a  Brownian  motion  in  3-dimensional  Euclidean  space,  and  lBfcl  denotes  its 
distance  from  the  origin. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  repot t. 


EXTENSIONS  Of  RESULTS  OP  PARDOUX  OH  STOCHASTIC  PARTIAL 
DIFFERENTIAL  EQUATIONS  OF  FILTERING 


Daniel  Ocone 


1 •  Introduction 

Detine  a  nonlinear  filtering  problem  on  the  probability  apace  (Q,F,P)  by  the  model 


dxfc  ■  a(t,xt)dt  +  o(t,xt)dbt  xQ  -  n 

dyt  -  h(t,xt)dt  +  ddt  yQ  ■  0  . 


(1) 


Here,  the  signal  xfc  is  taken  to  be  R^- valued,  and  the  observation  R^-valued.  As  usual, 
b( • )  and  W( • )  are  independent  Brownian  notions,  and  n  is  a  r .v.  independent  of  than. 
Let  p  be  the  measure  on  Cl  defined  in  2.1,  and  let  p(x,t)  denote  the  density  of  xt. 

If  Ft  i"  o{y(a)|0  <  a  <  t}  then 


u(t,x)  -  S[®  I  F  ,  X  «  x]p<x,t) 
dp  1 

is  an  unnormalized  conditional  density  of  xt  given  y(s),  a  <  ti  that  is, 

i  <f)  «-  E{f(x  )|FJ  -  f-tl.xlSiti*)**  (2) 

t  *  *  J  u(t,x)dx 

for  all  f  s.t.  Ef2(xt)  <  *. 

One  line  of  investigation  in  nonlinear  filtering  theory  seeks  to  characterise  u(t,x) 
as  the  solution  to  a  stochastic  partial  differential  equation,  the  Zakai  equation.  Pardoux 
[7,8,9]  has  recently  brought  this  approach  to  its  most  complete  and  rigorous  form.  After 
interpreting  the  formally  derived  Zakai  equation  variationally,  he  shows  under  mild 
essumptions  that  it  has  a  unique  solution  which  is  indeed  an  un normalised  conditional 
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density.  Using  the  same  methods ,  he  also  derives  Zakai  aquations  for  signals  diffusions 
evolving  in  bounded  doawins  and  having  absorbing,  elastic,  or  inelastic  behaviors  at  the 
boundaries. 

This  note  concerns  itself  with  some  variants  of  the  basic  filtering  problem  from  the 
perspective  of  Zakai* s  equation.  For  example,  rather  than  study  estimates 
*t(f)  •  E{f(xt>|Ft)  one  can  consider 

t 

w^(f)  *  E{f(x  }  exp[-/  V(s,x  )ds]  |FV>  , 
c  c  0  ’ 

that  is,  estimates  'killed*  by  some  potential  V,  and  then  look  for  corresponding  'killed 
conditional  densities  u(t,x)  satisfying 

t 

/  f(x)u(x,t)dx  -  oj(f)  -  E[f  (x  )  exp[-J  V(s,x  )ds]^  |FJ  •  (3) 

C  *  0  8  dP 

In  section  2,  it  is  shown  that  this  is  easily  accomplished  using  the  techniques  of  Pardoux 
and  u(t,x)  is  obtained  under  mild  hypothesis  as  the  solution  of  a  Zakai  equation  in 
which  V  appears  as  a  potential  in  the  nonrandom  operator  term.  In  one  direction,  this 
yields  a  simple  extension  of  Pardoux' s  generalised  Feynman-Kac  formula.  A  second  variant 
is  the  filtering  of  1-dimensional  diffusions  with  entrance  boundaries.  Section  3  applies 
the  'killed'  conditional  density  equations  to  derive  Zakai  equations  for  this  class  of 
signals.  This  work  then  rigorously  justifies  Zakai  equations  studied,  but  only  formally 
derived,  in  Ocone  [5,6]. 


2- 


2.  gakal  aquation  extensions 
2.1.  Preliminaries 

Our  theory  requires  ths  following  assumptions  on  the  functions  appearing  in  ( 1 )  and 

(3)i 

A,)  v(t,x),  m^( t,x) #  i  -  hk(t,x)  k  -  1,»»*,p  boundad  Borel  functions 

m  j) 

Kj)  o^tt.x)  ara  continuous  functions  satisfying  e  L  <[0,T]  *  R  ) 


U' 

1  <  i.j  < 


*3>  A( t#x)  -  oo  <t,x)  is  uniformly  positive  definite. 

The  conditions  in  A^ )  -  A3)  are  assumed  to  hold  in  the  domain  (0,TJ  *  J* •  The  reasons  for 
these  assumptions  will  not  be  totally  clear  from  the  sketchy  proofs  to  follow,  but  they  are 
needed  to  make  the  details  work. 

Of  course,  given  only  these  constraints,  strong  solutions  of  (1)  will  not  In  general 
axis'..  The  martingale  problem  associated  to  (1),  however,  will  have  a  nice  solution.  Let 

N  2  N 

L  ■  I  A^.(t,x)  j  j  +  I  b  (t,x) 
i.J-1  3  i  J  1-1 

a*  -  c( [o,t] i  rn)  x<t)(w' )  -  wMt),  w'  t  a- 

a*  -  C(  [0,T]  r  K?)  W<t)(w*>  -  w"(t),  w"  e  0" 

a  -  a*  x  a« 

Vi  -  Wiener  measure  on  8"  . 

By  the  theory  of  Stroock  and  Varadhan  [10]  there  exist  measures  Qsx  on  0*  solving  the 
martingale  problem  with  respect  to  1^.  Suppose  n  has  a  density  Pq(x)  *nd 
Qq(.)  -  /  djq»0<x)Q0j{(*).  As  the  solution  of  (1),  we  take 


x(t) (w,w* )  -  x(t) <w* ) 
t 

y(t)(w,w')  -  /  x(t)(w,w')dt  -  «<t)(w") 
0 


(4) 


defined  on  (0,  P  -  gQ  *  u).  Ws  will  need  the  following  o-algebra 


■ociated  to  (4), 


-3- 


Ft  *“  o{yi(,)  I  o  <  •  <  t,  1  <  i  <  p} 

Gt  *“  o{xi(*)'  VS)  M  <  »  <  t,  1  <  i  <  «,  1  <  k  <  p)  . 

m* 

To  Nt  up  the  unnormalised  tensity .  we  need  a  new  nuuza  P  defined  on  fl  by  the 
Gireanov  formula 


~  t  t  , 

—  -  axp[-/  <h<x  ),dw  >  -  Vfe/  lh(x  )»  te] 
0  0 


Zt  la  well  known  that  on  (Q,  P),  y ( • )  is  Brownian  and  independent  of  x(  • ) ,  and 

t 

l[f<xt)exp(-/  V(e,xB)te)2t  |  Ffc] 


»^(f)  - 


Sltt  1  t} 


(5) 


w  t  - 

Z  -  exp  /  <h(x  ),dy  >  -  ^ /  lh(x  )l2te  . 

0  B  0 

Let  o*(f)  denote  the  numerator  of  (S) .  Our  goal  is  to  find  a  representation  o^(f)  ** 
/  dx  u(t,x)f(x>  for  soaw  function  apace  valued  process  u(t,x,w) • 


2.2.  The  Zakai  equation 

If  x(t)  has  tensity  p(t,x),  u(t.x)  should  have  the  form 

„  t 

u(t.x)  -  z[exp(-J  V(s,x  )ds)z  |  f  t  x  -  x]p( t«x) 

0  suer 

end  a  formal  analysis  suggests  that 

H  ,2  M  , 

<*  “  fa  £  ?7  ax~  Aiiu  "  l  alT  biu  "  v<t'x>“]dt 

1.1-1  8  V  J  iJ  i-i  9xt  1 

♦  u( t.x)  <h(t,x),dyt>  (6) 

u(0,x)  -  p0<x)  . 


i 
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To  work  with  (6)  affectively,  we  adopt  the  variational  interpretation  of  Pardoux  [7]. 

Embed  the  Sobolev  space  in  l.2 < *** ) ,  so  that  H1(RN)  c  l2(*m>  c  H-1(l^>,  and  let 

1*1,  |«|  be  the  norms  in  H1^),  LjfR**)  respectively,  <•,•>  the  pairing  between 
H^aF)  and  Recall  that  for  t|i  e  l2(RN),  <*',♦>  equals  the  usual  inner 

product.  He  now  interpret  the  deterministic  operator  in  (6)  as  the  bounded  operator 
At  j  h’uF)  H-1  {***>  defined  by 


<Afcu,v> 


-/  I  a  (t,X) 

*  i,j-1  3 


3u  3v 
3x^  3x^ 


dx 


N 

I 


i-1 


(b. 


n  ,  a 

l  v  631  “  /  „  V(t,x)u(x)v(t,x)dx 

j-1  3xj  3xi  RN 


yu,  v  e  H1  (RN)  . 


The  adjoint  A*  t  H1  (tP )  ♦  h-1(RN)  may  also  be  defined  by  this  formula.  Zakai's  equation, 
in  variational  form,  is  then  written 


du( t)  -  (A*  u(t) ) dt  +  u(t)  <h(t,x),dyt> 

u(0)  -  p0  (7) 

u(t)  e  L2(fl  x  [0 ,T]  |  H1  (R^ ) )  . 


2.3.  The  main  theorems 

In  this  section  we  discuss  (7)  and  show  that  its  solution  is  indeed  the  desired 
'killed'  conditional  density.  The  proofs  require  only  minor  adaptions  of  techniques  of 
Pardoux,  and  so,  if  discussed  at  all,  will  only  be  sketched.  Two  approaches  to  the 
theorems  are  possible  and  we  will  state  results  from  both.  However  we  will  indicate  proofs 


only  for  the  analytically  simpler  method,  so  that  readers,  should  they  wish  to  verify  any 
details,  might  have  an  easier  time  of  it. 


It  is  May  to  show,  using  A.,)  -  a3),  that  At  and  *t  are  coercive  operators, 
uniformly  in  t.  That  is,  there  exist  o  >  0  and  X  such  that 

2<A  u,u>  +  X|u|2  >  alul2  +  f  |h.u|2 
e  i-1 

Yt  t  [0,T]  vue  H1  (*M) 


(end  similarly  for  since  <Atu,u>  -  <Keu,u> ) .  Coercivity  is  the  basic  fact  underlying 


the  theory. 

Theorem  1 .  Suppose  pQ(x)  e  L1!*?)  n  L2  (>?S  and  pQ(x)  *  0  a.e. 

Then  (7)  possesses  a  unique  solution  u(t),  and  moreover 
i)  u( t)  e  l2(»i  c<o,t»  l2(rn)))  n  iSiUt  l"(0,t»  l'cr”)))  . 
ii)  Almost  surely,  u(t,x)  >  0  a.e.  Yt  . 

Proof.  Existence  and  uniqueness  ia  a  direct  consequence  of  a  general  theorem  of  Pardoux 
17].  That  u(t)  e  b’tfli  L*(0,T/  iAhF)])  and  u(t,x)  >  0  are  proved  by  Pardoux  [7] 
when  v  *  0,  but  the  proofs  depend  only  on  the  coercivity  of  At  and  extend  to  the 
present  case. 

Define  o^tf)  «  /  u(t,x)f(x)dx.  By  theorem  1,  o*(f)  can  be  thought  of  as  a 

t  jjH  * 

measurable  process  taking  values  in  the  space  of  bounded,  positive  Manures  on  R*. 

Theorem  2.  For  pQ(x)  *  n  X, * ( KN ) r  o^(f)  "  o^(f)  a.e.  Yt,  Yf  c  L  (■?*). 

Sketch  of  proof  (method  of  (7] ) .  Let  B  denote  the  two  parameter  semigroup 


Ii#tf(x)  +  Efttf(xt)exp  -/  v{u,xtt)du 


We  use  It  to  characterise  as  the  solution  of  a  certain  equation. 

It  t 


1.  For  every  f  e  1  (R  ) 


o*(f>  -  E»0tf  +  /  <o][(hBstf),dys>  . 


-6- 


Furthermore  If  o  ia  another  process  with  values  in  the  apace  of  poaitive  bounded 


seeaurea  and 


0t(f)  -  sllotf  ♦  /  <0B(hS>tf),dyB> 


than  ot<f)  »  at(f)  a. a.  Vt  ,  Vt  e  L  (R  ). 

Proof.  The  uniqueness  part  is  a  simple  Gronwall-Ballman  inequality  argument  (see  Pardo ux 
[7]).  To  derive  (8),  fix  t,  and  note  that 


a t(t)  -  *t8fc 

t  t 

1»  -  |  F. )  -  exp  /  <a  ( h) ,  dy  >  -  Vfc  J  It  (h)lZda 

r  0*  ’  0 


e„  «  s[ f (x  )exp[-/  V(s,x  )da]  1  Fj  . 
t  t  Q  a  t 


Now  let  l  -  K{ f ( x  ) exp[ -/  V(u,x  )du  |  G_.  ]•  Since  X.  is  a  strong  Markov  process 

•  v  q  U  “  • 

independent  of  W( • )  (Stroock  and  Varadhan  [10]) 

s  t 

*  -  exp (-/  V(u,x  )du)B  {f(xt)exp  -J  VCu.x^du} 

0  **s  s 

s 

-  exp (-/  V(u*x  )du) (S  f ) |x  )  • 

0  “  SC  B 


He  can  apply  a  theorem  of  Liptser  and  Shiryayev  [11]  on  equations  of  optimal  extrapolation 
to  conclude  that  for  u  <  s  <  t 


E{*s  1  Fu}  "  M|  +  /  IE{iTh(xTHFT>  -  WT(h)sUTlFT)]  *  [<>yT  -  »T(h)dr] 


By  applying  Ito's  rule,  we  then  discover 
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a  *  E[ifc  |  F  1  -  <♦  E(i  h(x  )  If  >#dy  > 

U  U  t  U  TU  U  U  1  u 

u 

-  <«uB[h(xu)(natf)(xu)eXp  -/  V(T,xT)dt  IFu],dyu> 

”  <ov(hS  .  f ) ,dy  >  • 
u  ut  u 

Since  tQKI*t  I  FqI  “  E^otf'  integration  of  the  above  implies 

®t<«  -  Vltt  1  Ft]  ■  ^Ot*  +  f  <0sth5stf>'dV 


as  desired. 

Clearly  then,  to  prove  theorem  2  it  suffices  to  show  that  o^(f)  satisfies  (8) 
also.  This  is  done  by  introducing  the  solution  v  of  a  p.d.e.  that  is  adjoint  to  (7),  at 
least  insofar  as  concerns  the  deterministic  part.  Fix  t  and  consider 

dv 

■“  +  A  v  *  0 
ds  8 

v(t,x)  -  f(x>  (9) 

v  e  L2(0,Tj  M1  !■?*))  . 


We  then  have  for  the  fixed  t,  «t(f)  “  <u(t),v(t)>  . 

Lemma  2.  ( Feynman-Kac) 

For  f  e  L2(RN)  n  L  (RN),  (9)  has  the  unique  solution 

t 

v(s,x)  -  Egxf(xt)exp(-/  V(u,xu)du) 
s 

-  (li8tf)(x)  . 

Proof.  This  result  is  well  known  for  sufficiently  regular  f,  V,  m,  o  and  h.  When  f, 
V,  etc.  satisfy  only  )  -  A3)  approximate  them  by  regular  fn,  v",  etc.  and  take 
limits.  Again,  details  may  be  inferred  from  analogous  arguments  in  Pardoux  [9]. 

oo  N  2  N 

We  are  now  ready  to  complete  the  proof  of  theorem  2.  For  s  <  t,  f  e  L  (R  )  n  l  (r  ) 


•8- 


expressed  as 


t 

v(s,x)  -  iw({f(xt)axp[-/  v(xT)<*t]z“  |  r"> 


where  Z®  -  exp[J  <h(xT),dyT>  -  ^  /  lh(xT)l2dT]  . 

S  8 

Theorem  2  then  follows  from  theorem  3,  because 

d<u(  a)  ,v(  s)>  ■  0 

implying  that 


o’(f)  -  <u(t),v(t)>  -  <u(0 ) ,v(0 )> 

__  t 

-  e{ f ( x  ) exp[ — /  V  ( x  )  da  ]  Z  |  F  }  a.e. 
t  q 


as  desired. 

For  the  purposes  of  application  in  section  3t  we  state  yet  one  more  variant  of  the 
Zakai  equation  theorem.  Retain  the  processes  xt  and  yt  defined  in  2.1.  However, 
suppose  now  that  an  open  domain  0  with  C2-boundary  30  is  given,  and  consider  the 
problem  of  finding  u(t,x)  such  that 

^  -M(x  )  t 

E{f(xfc)e  °  1{t<Tjexp[-J^  V(s,xg)ds]zt  |  Ft> 

«  /  dx  u( t , x) f ( x)  .  (12) 

0 


In  (12),  H  is  a  function  bounded  on  compacts  in  o  and  t  denotes  the  exit  time  from 

Oi  it  is  assumed  that  the  initial  density  p0(x)  satisfies  supp  pQ(x)  c  o.  (The  term 
-Mix,,) 

e  might  appear  odd,  but  this  is  necessary  for  an  application  in  the  next  section.) 

The  appropriate  Zakai  equation  should  then  be 


du(t)  -  A*u< t) dt  +  u(t)<h(t,x)  ,dyt>  1 
u(0,x)  -  P(J(x)e'M!x)  ) 

u( t , •  )  E  L2(S)  x  10, T]  >  Hg(0)>  . 


(13) 


-10- 


As  usual,  h’(0)  dsnotss  ths  completion  in  fl’to)  of  the  infinitely  differentiable 
functions  with  compact  support  in  0.  The  proof  of  the  next  theorem  is  analogous  in  all 
respects  to  that  of  theorem  2 • 

Theorem  4.  Let  e"M<x)p„(x)  e  L*(0)  n  L2(0)  and  f  e  l"(0).  (13)  has  a  uniijue  solution 

u(t,x)  that,  in  addition,  satisfies  (12). 


3 .  An  application 

3.1.  Signal  models  with  entrance  boundaries 

In  a  study  of  Lie  algebraic  techniques  in  filtering  theory  (Ocone  [5.6]).  we  were  led 
to  models  with  scalar  signals  for  which  the  local  drift  m(x)  satisfied 

m*(x)  +  n^cx)  -  v(x)  (14) 

for  certain  functions  V(x).  Such  signals  evolve  only  in  bounded  or  semi- infinite 
intervals  0.  in  general,  and  exhibit  entrance  boundary  behavior  at  the  (finite)  endpoints 
of  O.  To  see  this,  suppose  k(x)  is  a  solution  of 

k"(x)  -  V(x)k(x)  » 

then  m(x)  «  k'(x)/k(x)  certainly  solves  (14).  However,  if  k(r)  -  0,  then  m(x) 
becomes  singular  at  r,  and,  in  fact  m(x)  ~  as  x  *  r.  Thus  the  typical  solution 

m(x)  of  (14)  will  be  defined  on  an  interval  O  -  (rQ,r1 )  at  the  (finite)  endpoints  of 
which  it  has  simple  poles.  From  the  theory  of  stochastic  differential  equations  (Gihman- 
Skorohod  [4]),  given  a  r.v  n  e  O  a.s,  an  O-valued  process  xt  exists  such  that 

dxfc  -  m(xt)dt  +  dbt  xQ  «  n  ,  (15) 

and  the  endpoints  at  which  m  is  singular  are  entrance  boundaries  of  xfc.  Henceforth  we 
will  assume  that  V( x)  is  a  continuous ,  bounded  function  and  that  m( x) ,  0,  and  xt  are 
described  as  above.  As  usual  the  observation  yt  will  be 

dyt  -  h(xt)dt  +  dWfc  (16) 

and  Pg(x)  will  denote  the  density  of  n.  The  assumptions  on  h  established  in  section 
2  are  maintained  here. 
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Previously  (Ocone  [5,6] )  we  stated,  but  only  formally  derived,  Zakal  equations  for 
problems  defined  by  (14)  -  (16) •  In  this  section,  we  aim  to  replace  the  formal 
calculations  with  a  rigorous  result*  The  work  here  elaborates  on  the  theme  of  so-called 
'gauge  transformations'  of  the  Zakal  equation  as  discussed  in  Hitter  [3],  Brockett  [1], 
and,  implicitly,  in  Banes  [2].  The  gauge  transformations  relate  to  a  simplification  of  the 
functional  integration  by  a  Girsanov  transformation  to  a  measure  w.r.t  which  x^  is 
Brownian.  This  is  the  technique  that  led  Benas  to  his  discovery  of  new  finite 
dimensionally  computable  filters,  and  it  is  the  central  feature  of  the  calculation  to 
follow. 

3.2.  A  Zakai  equation  for  (15)  -  (16) 

Again  define  the  underlying  probability  space  as  (Q,P) » 

n  -  c[0,t]  x  c[o,t] 

P  -  X  U  . 

where  is  the  measure  induced  by  the  solution  of  (15).  Now  define  u*1  to  be  the 

measure  induced  on  C[0,t]  by  the  process  h  ♦  Bt  for  a  Brownian  motion  Bt>  The  first 
important  remark  is  that  <<  pnj  indeed 

5  (x>  "  >  t>“*  *(xs,dx.  -^/Q 

f  inf{s  <  t  |  x  ■  t)  if  3s  <  t  s.t.  x  »  t 
T  -  <  *  " 

k  “  otherwise 

(Liptser  and  Shiryayer  [11],  p.  248).  The  main  idea  is  to  transform  measures  so  as  to  work 
with  Accordingly,  on  ft  define 


and 


p  -  Hn  x  y 


—  *  exp  -/  h(x  )dh  n  (x  Ids  -  Z  . 

dP  0  "  0  "  z 
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-mt _ a£> 


Thao 


ud 


*l«V  *  1  rtl 

!{«(*  >  |  r) - r.-g 7^7—  •  <”> 

*["  1  rt] 


Wa  wish  to  rapraaant  i[f(x  )  —  |  r  ]  aa  la  Motion  2. 

dp 


Claarly,  tram  what  haa  900a  abova 

t  t  ,  t  t 

—  *  y  t}««P  /  -'/il  *  (x^lda  *  axp  J  hU^ldy^  -  %  /  h  (x  )da  .(18) 

dP  0  0  0  0 

To  gat  to  tha  final  raault ,  wo  auat  par form  tha  following  trick  on  (18).  Lot  r  c  0 
x 

and  lot  N(x)  ■  /  a(a)da.  Aa  ia  wall-known,  tha  diatribution  of  xa  on  (Q.P)  la  the 
r 

a ana  aa  on  (8,P) ,  nanoly,  tha  diatribution  of  n  ♦  Thoroforo  fay  tto'a  rulo 

t  t 

N(x  )  -  Mil.)  -  /  a(x  )dx  ♦  ^  J  ••(x)da  . 

0  "  “  0 

t  t 

Thus,  aubatituting  /  o(x  )dx  “  N(x  )  -  M(x  )  ■* (x  )da 

0  0  * 

into  (18), 

_  H(x  )  -K(X„  I  t 

*£“•  V  >  t>*  «wl-Vi/  V(*,)«8]*t  • 

dP  0 

With  this  $  w«  My  writs 


_  „  M(X  )  -K(x  )  -  Vi /  V(x  )da 

*{f(xt)  ®  I  1t)  •  «{f(xt)o  1(T  „  t}*  0  *t  >  V 


(19) 
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ttjgB  i’  Daflna  A*  t  H^IO)  *  h’(0) 

<A  u,a>  ■  -  lj/  dw  —  /  V(x)o(x)a(x)dx  . 

0  0 

Umm  P0(x) •”*****  c  L  (O)  n  l2(0),  f(x)a**X*  C  L* <0> ,  *nd  lnt  u(t,x)  b*  tha  uniqua 
aolutlon  of 


dufc  ■  A  ufc  it  ♦  ttfc  h(  x) 


Uo(X>  -  P0(X)A 


-Mix) 


u(t)  c  L2(Q  *  [O.T]  ,  hJ<0>)  . 


Than 


S{f(x  )  ®  |  f  )  •  /  f(x)aN(x>u(x,t)«t  a. •.  »t  t  [D.TJ  . 
d»  O 

Proof.  On  (Q,f)  *(  And  yg,  a  <  t,  ata  lndapandant  and  *§  hna  tha  1m  of  n  ♦  A^ . 

Claarly  «a  can  intarprat  (It)  aa  If  xs  vara  daflnad  Va  t  (0,«)  and  t  *  ftrat  axlt 

,2 

tlaa  trvm  O.  Slnoa  % — r  la  tha  fanarator  of  x  ,  tha  thaoraa  than  followa  taaadlataly 
ax* 

froa  thaoraa  4. 

Matrli  p(x.t)  ■  aN^x>u(x(t)  la.  In  affact,  an  unnorwallaad  oondltional  denalty.  and  tha 
factor  •"***  la  tha  'fauta  transformation'  aanti.onad  abova. 
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